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Abstract

We consider a general class of exactness properties on a finitely complete category,
all of which can be expressed as the condition that a certain morphism in a diagram
is a strong epimorphism. For each such exactness property, we characterize finitely
bicomplete categories having the property by restricting the condition to those dia-
grams built from only one object in the category via a left Kan extension. In the
regular context, this generalizes the theory of approximate co-operations introduced
by D. Bourn and Z. Janelidze. As an application, we deduce from this a characteri-
zation of (essentially) algebraic categories satisfying such a given exactness property.
The pointed version of these exactness properties is also studied.
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Introduction

In [24], we studied exactness properties on a regular category [2] which can be expressed as:
‘for any diagram of a given finite shape, a given morphism between finite limits built from
this diagram is a regular epimorphism’. The properties of being a Mal’tsev category [11],
or more generally an n-permutable category [10] are examples of such properties. We
extracted the Mal’tsev conditions characterizing varieties of universal algebras satisfying
them, and generalized the theory of approximate co-operations from [8, 30, 19, 22|. The
aim of the present paper is to generalize these results in several aspects.

First of all, we replace regular epimorphisms by strong epimorphisms in order to extend
our theory from the regular context to the finitely complete context. Secondly, one will
now be allowed to build some finite colimits from the starting diagram and some induced
morphisms from them. However, we conjecture that this does not add any new examples
(see Conjecture 7.6) and in each of our examples, the designated morphism required to
be a strong epimorphism will be built using only finite limits and induced morphisms to
them. More importantly, we allow to add new morphisms in the diagram after having
already computed some limits or colimits. The main new example we are adding here is
protomodularity (in the sense of [4]). Indeed, as shown in [6], a finitely complete category
is protomodular if and only if for each diagram
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with p o s = 1y, considering the pullback of f along p,
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the morphism f’ and s are jointly strongly epimorphic, i.e., for any extension of the above
diagram (2) as

with gog = f/ and goh = s, then the morphism ¢ is a strong epimorphism. Notice that the
morphism g here could not have been considered in the first diagram (1) since its domain is a
limit built from this original diagram. In the general case, the properties we are considering
will all look like: ‘starting from any diagram of a given finite shape, constructing some
finite (co)limits from it and induced morphisms by them, then considering any extension
of a given shape of the obtained diagram, constructing some finite (co)limits and induced
morphisms, then considering any extension of the obtained diagram, and so forth, then a
morphism ¢: X — Y in the resulting diagram should be a strong epimorphism’. Using
the formalism of exactness sequents introduced in 23], we can represent such an exactness
property by a sequence of subsketch inclusions

where A; represents the shape of the initial diagram and each A; (2 < i < n) represents
a further extension. The sketches B; encode the (co)limits and the induced morphisms to
consider. Of course some restrictions apply to this; they are listed by conditions (Ax 0)-
(Ax 5) in Section 1. Among them, (Ax 5) requires that the codomain Y of ¢ € B,, represents
a limit of a finite diagram Dy : Hy — A; in the initial sketch A;.

Given such an exactness property, we explain how to construct, from any object C
in a finitely bicomplete category C, a universal B,-structure Lo by means of successive
pointwise left Kan extensions. This By-structure is the reflection of the constant diagram
A¢: Hy — C along the composition functor

(D5)¢: B,C — HyC

where Dé" = fBpoayo---0 [ 0Dy and is thus denoted by Lan A¢ in the text. For
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the protomodularity example, this B,-structure Lo is given by
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where 0 x1, v, 2C is the pullback of the codiagonal Vo: 2C — C along the unique
morphism 0 — C from the initial object. Our main result, Theorem 3.1, states that C
satisfies the exactness property if and only if, for each object C, the morphism L (q) is a
strong epimorphism. Moreover, in the regular finitely cocomplete context, this is equivalent
to require that, for each object C, the pullback ¢ of Lo (q) along the universal morphism
ec: C — Leo(Y) is a regular epimorphism.

Ap(C) =2 Lo(X)

|
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This result generalizes the characterization via approximate co-operations from [9] in the

protomodular case and from [8, 30, 19, 22| in the case of matrix conditions, where the

morphism y¢o: Ap(C) — C is called an ‘approximation’. Using an appropriate presen-

tation of the Mal’tsev property, we also deduce from this theorem that a finitely bicom-

plete category is a Mal’tsev category [12] if and only if for any object C, the morphism
L1t

<é é) : 4C — Eq[V¢] is a strong epimorphism, where Eq[V ] is the kernel pair of the

L9 Lo
codiagonal V.

The validity of such an exactness property in the particular case of a variety of universal
algebras can be further reduced to the condition that, considering the free algebra Fr({z})
on one variable z, the variable x is in the image of Yp({y}), i-e., that ep.(fz})(z) is in the
image of Lyy({z})(q) (see Theorem 4.1). Tt seems we can easily extract from this result a
Mal’tsev condition characterizing varieties with the given property, generalizing many such
characterizations, e.g., those from |7, 16, 32, 34|. However, we have not yet been able to
formally prove this always gives rise to a Mal’tsev condition (see Conjecture 7.5).

Finally, we also consider the pointed version of this class of exactness properties and
mention the counterpart of the above theorems in the pointed context. As additional
examples, one gets the following properties (some of which requiring to be considered in
the regular finitely cocomplete pointed context): being a normal category [31], having
normal projections [26], having products commuting with coequalizers, and all the pointed
matrix conditions [29] (including the examples of being unital [5], strongly unital [5] and
subtractive [27]).

The paper is organized as follows. We formally describe in Section 1 the exactness
properties we are studying in this paper. To this end, we need to recall some aspects of the
theory of exactness sequents from [23]. In Section 2, for each such exactness property, we
build the universal B,,-structure associated to each object of a finitely bicomplete category.
Section 3 is devoted to the characterization of finitely bicomplete categories satisfying such
an exactness property by means of this universal B,,-structure associated to each object.
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This also gives rise to the generalization of the theory of approximate co-operations in
the regular context. In Section 4, we further extend this characterization in the varietal
case, giving an easy way to find the algebraic condition associated to each of these ex-
actness properties. Section 5 is devoted to the study of some examples: protomodularity,
involution-rigidness [32] and the Mal’tsev property. We then treat the pointed context in
Section 6 and give additional examples in that context. In Section 7, we make further
remarks, among which we give a generalization of the characterization in the varietal case
to the case of essentially algebraic categories [1]. We end Section 7 with some conjectures.
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1 Some exactness properties

In this section, we formally describe the exactness properties we are going to work with.
In order to do so, we need to recall some notions from [23, 24| (the interested reader
is referred to those references for more details on these notions). For a graph G (i.e., a
diagram d,c: E = V in the category Set of sets), a commutativity condition in G is a pair
of paths

((Aos f1, A1,y fmy Am), (Bos g1, B1s - -+ s G Bow))

in G such that Ag = By and A,, = B,,». We represent it by

or by
fm--fr =1,

if m" = 0 (and similarly if m = 0). A finite diagram in G is given by a finite graph
‘H together with a morphism of graphs D: H — G. A finite limit condition (respec-
tively, a finite colimit condition) in G is an equivalence class of 4-tuples (H, D, C, (¢g)Hen)
where D: H — G is a finite diagram, C' is an object in G and for each object H in H,
cg: C — D(H) (respectively, cg: D(H) — C) is an arrow in G. Two such 4-tuples
(", D, C,(cu)uen) and (H',D',C", (c}y) mrenr) are considered to be equivalent if C' = C’
and if there exists an isomorphism of graphs I: H — H' such that D' = D and ¢y = c’I(H)
for any H € H. Such a condition [(#H, D, C, (ci)men)] is represented by

(C, (cg)m) = limit(H, D) (respectively by (C, (cy)n) = colimit(H, D)).

Finite limit conditions and finite colimit conditions are called convergence conditions. A
sketch is then a finite graph equipped with a set of commutativity conditions and a set of
convergence conditions. A morphism of sketches is a morphism p: G — G’ of underlying
graphs of sketches which carries each commutativity condition on G to a commutativity
condition on G’ and each convergence condition on G to a convergence condition on G'. We
denote by

4. Sk — FGraph
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the forgetful functor from the category of sketches to the category of finite graphs. A
subsketch of a sketch B is a subgraph A of the underlying graph of B equipped with a
sketch structure that turns the inclusion of graphs A — B into a sketch morphism. Such
morphisms are called subsketch inclusions.

Given a sketch A and a category C, an A-structure in C is a morphism F: A — C of
underlying graphs which carries each commutativity condition of A to an actual commu-
tative diagram in C, and each finite limit/colimit condition of A to an actual limit/colimit
in C. The category of A-structures in C (and natural transformations as morphisms) is
denoted by AC. Every morphism §: A — B of sketches gives rise to a functor

Bc: BC — AC

by ‘pre-composing’ with 5.
An exactness sequent (called an @-sequent in [23]) is a subsketch inclusion 8: A — B
considered as a sequence of subsketch inclusions

@%ALB

starting with the empty sketch @. We denote such a sequent by o F 8. As detailed
below, we are only interested in particular exactness sequents where (3 is ‘constructible’.
In that case, B¢ is fully faithful for any category C, and we write ‘a ¢ 8’ when B¢ is an
equivalence of categories (see Lemma 1.4 in [23]).

Each finite category A induces a sketch U(A) whose underlying graph is the underlying
graph of A and whose commutativity conditions are:

e (A f,B,g,0), (A, gof,C)) for any pair of composable arrows f: A — Bandg: B —
Cin A;

o ((A,14,A),(A)) for any object A in A.

There are no convergence conditions on U(A). A U(A)-structure in a category C thus cor-
responds to a functor A — C. A subsketch inclusion «: B — A is said to be unconditional
of finite kind when A is the underlying sketch U(A) of a finite category A further equipped
with the commutativity and convergence conditions which already appear in B.

If Ais a sketch with underlying graph G and if f,,, - - - fi = g - - - g1 is & commutativity
condition in the graph G (one that is not necessarily included in A), we write

S fi=a gm0

if, for any A-structure F' in any category C, the equality

E(fm)o---0F(f1) = Fgm)o---0F(g)

holds. Similarly, if D: H — G is a finite diagram in G and if (pg: C — D(H))gey is a
family of paths in G indexed by the objects of H, we write

(C, (pr)g) =4 limit(H, D)

if, for any A-structure F' in any category C, the cone (F(C), (F(pg))m) is an actual limit
of FF'o D in C. As usual, F(pg) represents the composite in C of the actual images under
F of the arrows constituting the path pr. We also use an analogous notation for colimits.
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The exactness sequents « F 8 we are going to consider in this paper can be decomposed
as sequences of subsketch inclusions as in

B (3)

where

(Ax 0) n > 1 is a natural number, « = wo B, 0a, 0---0 1 0a; and By = & is the empty
sketch;

(Ax 1) for each i € {1,...,n}, the subsketch inclusion «;: B;—1 — A; is unconditional of
finite kind (i.e., A; is the underlying sketch of a finite category A; further equipped
with the commutativity and convergence conditions coming from B;_1);

(Ax 2) for each i € {2,...,n} and for each morphism f: B — B’ in A; such that B, B’ €
B;i_1, there exists a path p: B — B’ in B;_1 such that the composite of p in A; is f
and if p,p’: B — B’ are two such paths then p =5, , p/;

(Ax 3) for each i € {1,...,n}, the subsketch inclusion f;: A; — B; can be decomposed as a
finite sequence

- B;

Ai = Bio Bi1 B;o e Bi 1.

) shg

of subsketch inclusions (with k; > 0), where every next subsketch B; ji1 of B; is
obtained from the previous subsketch B; ; by any one of the following procedures:

(a) include some commutativity conditions f,, -+ f1 = gm --- g1 expressed using
objects and arrows which belong to B; ; and for which fn, -+ f1 =5, gm' -~ 91
holds (in other words, include some redundant commutativity conditions),

(b) include some convergence conditions (C, (cg) i) = limit(H, D) (or (C, (cg)m) =
colimit(#, D) respectively) where C, the cy’s and D all belong to B;; and
for which (C, (cy)n) =p,,; limit(H, D) holds (respectively (C,(cu)n) =s,,
colimit(#, D)) (in other words, include some redundant convergence condi-
tions),

c) include an arrow f, not already in B; ;, and a commutativity condition f =
includ t already in B, ; d tativit diti
gm - -+ g1 where m > 0 and where g1, ..., gy are arrows in B; j,

(d) include an object C, not already in B;;, together with the pairwise distinct
arrows cg’s and the condition (C, (c¢g)g) = limit(H, D), where D is a finite
diagram in B; j,

(e) given in B;; a condition (C,(cy)n) = limit(H, D), an object A, a family
(ag: A — D(H))gey of arrows and commutativity conditions D(h)-ag = ag
for each arrow h: H — H' in H, include an arrow f: A — C, not already
in B; ;, and commutativity conditions cy - f = apy for each object H € H,

(f) include an object C, not already in B, j, together with the pairwise distinct
arrows cg’s and the condition (C, (c¢g)g) = colimit(#, D), where D is a finite
diagram in B; ;,

(g) given in B;; a condition (C,(cy)n) = colimit(#, D), an object A, a family
(apr: D(H) — A)pgen of arrows and commutativity conditions ags - D(h) = ag
for each arrow h: H — H' in H, include an arrow f: C — A, not already
in B; ;, and commutativity conditions f - cg = ag for each object H € H;
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(Ax 4) there exists in B, an arrow ¢: X — Y such that

1. the subsketch inclusion w: B,, — A is constructed by adding to B, an object
Y’ (not already in B,) and arrows l;: X =Y, mg: Y - Y and iy/: Y — Y7,
together with the commutativity conditions ¢ = my - l; and 4y7 = 1y and the

convergence condition (Y7, (iy/,iys,mq)) = limit(Hpy, Dpy”""?) where Hpy, is
the graph
Va
-
Vl T) %

and D™ Hpp, — A is defined via D" (v1) = mg = D™ (v2),

2. the subsketch inclusion 5: A — B is obtained by adding to A the convergence
condition (Y’, (mg)) = limit(H., DY) where H, is the graph with a single object
* and no arrows and D) is defined by DY (¥) = Y;

(Ax 5) for the codomain Y of ¢, there exists a finite diagram Dy : Hy — A; in A; and a
family of paths (p¥: YV — Dé"(H))HeHY in B,, such that

(Y. (i) i) =g, limit(Hy, D)
where we denoted 8, o ap 0---0 310 Dy by Dgn for the sake of brevity.

By Lemma 1.2 in [24], the condition (Ax 5) is always satisfied if the following two
further conditions are satisfied:

o Y € B,

e in the decomposition of f1: A1 — B; as in condition (Ax 3), procedures (b), (f)
and (g) are not used.

The conditions (Ax 3) and (Ax 4) imply in particular that the subsketch inclusions f;
(for each i € {1,...,n}) and (8 are constructible in the sense of [23|. This implies that,
for any category C, the functors (81)c,...,(Bn)c and B¢ are fully faithful. Moreover, if
the category C is finitely complete and finitely cocomplete, the functors (81)c,.--,(6n)c
are equivalences of categories. We denote by (ﬁi)élz A;,C — B;C their unique (up to
isomorphism) pseudo-inverses, which are chosen such that (8;)c o (8;)c" = la,c (but we
only have an isomorphism (ﬁi)él o (Bi)c = 1p,c). For an A;-structure F; in C, we denote
by F; the B;-structure (Bi)c 1(E), which is obtained from F; by constructing finite limits,
finite colimits, induced morphisms to those limits or from those colimits and composite
morphisms as prescribed by the step by step construction of f3; described in (Ax 3). By
abuse of notation, we will also denote by F; the functor F;: A; — C corresponding to the
A;-structure Fj.

The condition a F¢ B for a category C can be stated as: ‘for any A-structure F in C,
the morphism F(my) is an isomorphism’. In a category with finite limits, an eztremal
epimorphism (or equivalently a strong epimorphism) is a morphism p such that for any
factorization p = m ol with m a monomorphism, one has that m is an isomorphism.
Therefore, if the category C is finitely complete, the condition a ¢ S8 can be equivalently
rephrased as: ‘for any B,-structure F}, in C, the morphism F,,(q) is a strong epimorphism’.
If C is finitely complete and finitely cocomplete, it can even be formulated as: ‘for any
functor F;: A; — C, considering its extension F; as a Bi-structure, for any extension of
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it as a functor Fy: Ay — C, considering its extension I, as a Bp-structure, ..., for any
extension of F},_1 as a functor F,: A,, — C, considering its extension F;, as a B,-structure,
then F,,(q) is a strong epimorphism’.

B

(e %] Qn

g Aq B

2 Kan extensions

Let us suppose we are given a finite graph H and a diagram D:H — A in a finite
category A. By abuse of notation, we also denote by H the sketch whose underlying graph
is H and which has no conditions and by D: H — U(A) the sketch morphism induced by
the diagram D. Given a finitely cocomplete category C, the functor D¢: U(A)C — HC
has a left adjoint Lanp: HC — U(A)C, which can be computed via the pointwise left
Kan extension formula. We recall that given an H-structure E in C (i.e., a diagram
E:H — C), the left Kan extension Lanp F is constructed as follows. For an object
A € A, we consider the finite graph (D | A) whose objects are pairs (H, f) with H € H
and f: D(H) — A € A and whose arrows h: (H, f) — (H', f) are arrows h: H — H’
in H such that f' o D(h) = f. The object (Lanp E)(A) is the colimit of the diagram
Eopy: (D] A)— C where pa: (D | A) — H is the forgetful morphism of graphs. If we
denote by s(lHJ): E(H) — (Lanp E)(A) the legs of the colimits, the image of a morphism

a: A — A’ in A under Lanp F is uniquely determined by (Lanp E)(a) o s*{lH n= s(l[; aof)
for each (H,f) € (D | A). The E-component \: E — (Lanp E) o D of the unit is

D) for each object H € H.

: E _
determined by A\ = S(H 1)

H-—LLUA)

&‘3 J{LanD E

C
Lemma 2.1. Let a: B — A be a subsketch inclusion satisfying

(i) « is unconditional of finite kind (i.e., A is the underlying sketch of a finite category A
Jurther equipped with the commutativity and convergence conditions coming from B);

(1) for each morphism f: B — B’ in A such that B, B’ € B, there exists a path p: B —
B’ in B such that the composite of p in A is f and if p,p': B — B’ are two such
paths then p =g p'.

Let C be a finitely cocomplete category. Then the functor ac: AC — BC has a left-adjoint-
right-inverse Lan,: BC — AC.

Proof. We consider the following commutative diagram of subsketch inclusions
Y (B) —“ U(A)
j‘A

,L'B
B A



2. Kan extensions 9

where the underlying graph ¢(B) of B is considered as a sketch with no conditions. As
explained above, the functor a¢: U(A)C — ¢(B)C has a left adjoint Lan, : ¢4(B)C —
U(A)C. We denote the unit of this adjunction by n: lgpgc — ot o Lan, and the counit
by e: Langy oag — 1y(a)c- Given E € BC and B’ € B, we can consider, for each (B, f) €

(o/ | &/(B')), the morphism 5((11/9(?)/) = E(p): E(B) — E(B’) in C where p: B — B’ is
any path in B whose composite in A is f as given by our assumption (ii). In view of

the uniqueness part of the assumption (ii), these morphisms are well defined and, using
that S?B(/Bl),(B/)) = lg(m), it is routine to show that they form a colimit cocone under
iB(E) 0 @u(pry- Since o is injective on objects, we can thus choose (Lanys i (E))(c/(B'))
to be E(B’). Therefore, for each E € BC, we can choose 08y to be the identity on i2(E).
We thus suppose without loss of generality that 7 e z'g = lig and ag o Lany oig = ig. By
assumption (i), we know that the right bottom rectangle in the diagram of functors below
is a pullback.

U(A)C——9(B)C

Since the outer part of the diagram commutes, there exists a unique dotted functor making
the diagram commutative. We consider the natural transformation

€e jé: jé‘ o Lan, oac = Lan, oaf o j{é — j{é
satisfying
. . .B . .
agecejt =(ageceje)o(ne(ifoac)) = (ageceje)o(ne (aboje)) =1uou
Since pullbacks of functors are ‘strong’ (see e.g. [23]), there exists a unique natural trans-
formation X\: Lan, oac — 1lyc such that j{c“ el ==ce j{c“ and ac ® A = 1,.. To prove
that Lan, is the left adjoint of ac with unit 11,. and counit A, it remains to prove that
Ao Lan, = 1p,,,. Again since pullbacks of functors are strong, it suffices to notice that
jheNeLan, =ce (j(f:4 o Lan,)
=ce (Lana/ oig)
= (e ° (Lana/ oig)) o (Lana/ on e zé)
= 1Lana/ o'ig
and ac e AeLan, = 11,.. O

Now let C be a finitely bicomplete category C (i.e., a category with finite limits and
finite colimits) and « F  an exactness sequent

as described in (3) together with the notation introduced there. In particular, we consider
the finite diagram Dy: Hy — A; = U(A;) given by condition (Ax 5). As explained



3. Validity in finitely bicomplete categories 10

in the beginning of this section, the functor (Dy)c has a left adjoint Lanp, : HyC —
A;C. Moreover, by Lemma 2.1 and conditions (Ax 1) and (Ax 2), each of the functors
(a2)c, - - -, (ap)c has a left-adjoint-right-inverse. As explained in Section 1, the functors
(B1)cs-- -, (Bn)c are equivalences and their pseudo-inverses (3;)c L are chosen to be strict
right inverses. Composing all these left adjoints together, we get a left adjoint

LaIlDBn : HyC — B,C
Y

of (Dg")@ where Dg" = fpoayo---0f10 Dy asin condition (Ax 5). Concretely, given
a diagram E: Hy — C, the left Kan extension Lan s, E of E along Dxli" is constructed

as follows. Firstly, we construct the left Kan extenslivon L, = Lanp, E of E along Dy
together with the universal morphism A\¥: E — LoDy using the pointwise Kan extension
formula. We then consider the extension L of Ly as a Bj-structure using the algorithmic
construction described by condition (Ax 3). Suppose by induction that, for some 1 < i < n,
we have constructed an extension L; of L1 as a B;-structure such that L;o0B;0a;0---08; =
Ly. The ¢(B;)-structure L; o % can be Kan extended along o} ;: 9(8B;) — U(Ai41) to
a functor L ;: Aj11 — C. In view of condition (Ax 2) and the pointwise Kan extension
formula, we can construct L;_ ; such that L] oaj,, = L;0iP. Since L; is a B;-structure
and in view of condition (Ax 1), Lj_ ; induces an A; 1-structure L; 1 such that L; o041 =
L;. We then construct its extension L;y1 as a B;yi-structure such that Lii1 0 8iy1 = Litq
using the algorithm provided by condition (Ax 3). This completes the induction. We then
set Lan E = L, and the universal morphism is given by

DEn
A FE - LioDy =1L,0DE

which is the E-component of the unit \: 1y,¢c — (Dgn)c o Lan
- (DY")c.

DpBn of the adjunction

Laann

3 Validity in finitely bicomplete categories

For a graph H and an object C in a category C, we denote by Ac: H — C the constant
diagram mapping each object of H to C and each arrow of H to the identity on C.
Let us now fix a finitely bicomplete category C and o F f an exactness sequent

A, e 4 PR

as described in (3). Condition (Ax 5) tells us that
(Y. (P} ) =s, limit(Hy, Dy").
Therefore, for any object C in C,

(Lan pe, AC)(Y), (Lan e, Ac)(p)n)

is the limit of

(Lan 5, A¢) o Dg".

DYn
The universal morphism

A2 Ag — (Lan, s, Ag) o D"

Bp,
DY
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thus induces a unique morphism ec: C' — (Lan DB Ac)(Y) such that
(Lan s, Ac)(plr) © ec = N

for each H € Hy. Let us consider the following pullback square

Ap(C) LanDsn Ac)(X)

J J(Laann Ac) (@)
C——

Laani” Ac)(Y)

where ¢: X — Y is the arrow in B, given by condition (Ax 4). Each morphism f: C — C’
in C induces a morphism of diagrams A;: A¢ — A defined for each H € Hy by
(A¢)a = f. Let us prove that the equality

ecrof = (Laann Ay)y oec

holds by precomposing with each leg (Lan 5, Acv)(p};) of the limit:
Y

(Lan s, Acr)(py) o ecr o f
— )\AC’ of
= A5 o (Af)H
= ((DF")c(Lan s, (Ap) s 0 Ap©
(LanDBn )D}B/n (1) © )\ﬁc
= (Lanpz, Af) pin gy © (Lanps, Ac)(pyr) © ec
(LanDBn Ac)(pYy) o (Lanpgn Ay)y oec
We deduce from it that the identities
ecro foye = (Laann Ayf)y oecovc
= (Laann Af)y o (LanDen Ac)(q) o dc
= (Lanps, Acr)(g) o (Lan s, Af)x © dc

hold. Therefore, by the universality of the pullback, there exists a unique morphism
Ap(f): Ap(C) — Ap(C’) such that
Yor o Ap(f) = fere

and
50/ o] Ap(f) = (LaDDgﬂ, Af)X o (50.

This defines an endofunctor Ap: C — C and a natural transformation v: Ap — 1¢.
Theorem 3.1. Let C be a finitely bicomplete category and o= 5 an exactness sequent

B

Qs (o7

A, B, A

07

B

as described in (3). We consider the following statements using the above notation:
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1. atc B;

2. for any diagram E: Hy — C, the morphism (Lan 5, E)(q) is a strong epimorphism

in C;

Bn,
DY

3. for any object C in C, the morphism (Lan s, Ac)(q) is a strong epimorphism in C;

DEn
4. for any object C in C, the morphism vo: Ap(C) — C is a strong epimorphism in C.

We always have the implications 1 < 2 < 3 < 4. Moreover, if C is regular, we also have
the remaining implication 8 = 4.

Proof. The implications 1 = 2 = 3 are trivial, so let us prove 3 V 4 = 1. Let F;, be any B,,-
structure in C. We must show that Fj,(q) is a strong epimorphism. By condition (Ax 5),
we know that (Y, (pY)n) =5, limit(Hy,D}B,"). So (Fu(Y), (Fn(p¥))m) is the limit of
F,o Dgn. The projections py = Fy,(pY;) give rise to a morphism of diagrams j: AFTL(Y) —
F,o D}[’;”. By the universal property of the Kan extension, there exists a unique morphism
V: Laann AFTL(Y) — F,, such that (ve Dg") o \NAFn(v) — . Since, for any H € Hy, we
have

Fo(p) o vy 0 egyy = v pEn () © (Lan . A (Ph) © emy)

Ai

Fn(Y)
V- Bn oA
Dgr(H) © “H

= Fu(pky)
and since the family (F,,(pY))men, is jointly monomorphic, we know that vy o CF(y) =

IFT(Y)‘ This proves that vy is a split epimorphism, and thus a strong epimorphism. It
remains to consider the following commutative diagram:

oy TP VX |
|
ﬂ/Fn(Y)‘ (LanD)lin Aﬁ(y))(‘l) Frn(q)
F(Y) = (Laann Az (Y) T»E(Y)

Under the assumption 3, (Lan 5, Az-y)(q) is a strong epimorphism. Therefore, Fo(q)o
Y n L

vx is a strong epimorphism and thus so is F,(¢q). Under the assumption 4, VE vy =

Vy 0 €5 (v) O VEL(v) = Fo(q)ovx oéF—n(m is a strong epimorphism, thus so is F},(¢). Finally,

the implication 3 = 4 holds in the regular context since in that case, strong epimorphisms

are stable under pullbacks. O

Remark 3.2. In the case where procedure (f) of condition (Ax 3) for a F (3 is not used,
the assumption about the existence of colimits in Theorem 3.1 can be relaxed to the mere
existence of the colimits used in the construction of the left adjoint Lan pBn- In particular,
the equivalence 1 < 3 in the finitely complete context and the equivalence 1 < 4 in the
regular context just require the existence of the colimits in C used in the construction of

Lan A for each object C € C.

Bn,
DY
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4 Validity in varieties

We now treat the case where C = V is a wvariety of universal algebras, i.e., a finitary
single-sorted algebraic category. We denote by Fr({x}) the free algebra in V over one
generator x.

Theorem 4.1. Let V be a variety of universal algebras. Let also o = 8 be an exactness
sequent

as described in (3). Using the notation introduced above, the following statements are
equivalent:

1. « I—V 6,’
2. for any diagram E: Hy — V, the morphism (Lan s, E)(q) is surjective;
Y
3. for any V-algebra A, the morphism (Lan s, Aa)(q) is surjective;
Y
4. for any V-algebra A, the morphism v4: Ap(A) — A is surjective;
5. the morphism (LanD€n Are(x1))(q) s surjective;
6. the morphism Ypy((xy): ApP(Fr({x})) — Fr({x}) is surjective;
7. the element epy(14))(%) is in the image of (Laann Ap(1a)(@);

8. the element x is in the image of Yry({x): Ap(Fr({x})) = Fr({x}).

Proof. The equivalences 1 & 2 < 3 < 4 follow directly from Theorem 3.1 since all varieties
of universal algebras are regular. The implication 3 = 5 is trivial. The implication 5 = 6
follows from the fact that regular epimorphisms are stable under pullbacks in any regular
category. The implication 6 = 8 is trivial and the equivalence 7 < 8 follows immediately
from the description of pullbacks in a variety. It remains to prove 8 = 4. Given any V-
algebra A and any element a € A, we must show that a is in the image of v4. We consider
the unique homomorphism f: Fr({x}) — A such that f(x) = a. Since the following
diagram commutes by naturality of ~,

Ap(Fr({x})) =2 Ap(a)

7Fr({*})h YA

Fr({x}) ———— A4

and since * is in the image of vm({4}) by assumption, we know that a is in the image of
~v4 o Ap(f) and thus in the image of y4. O

5 Examples

In the display of the particular sketches below, we are going to use the simplification rules
introduced in [23]. In particular, we display the convergence conditions by the limits and
colimits they represent. Moreover, in the display of graphs containing the underlying graph
of a category as a subgraph, we may omit to represent from this subgraph identity arrows
and composite of arrows which are already displayed.
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5.1 Protomodularity

As a first example, let us study the case of protomodularity [4]. As shown in [6], a finitely
complete category C is protomodular if and only if, for any diagram

/[ 0

V—)f w

where p o s = 1y, when considering the pullback (P, p’, f’) of f along p,

Iy
S

P

[ ]
P’ p
VT>W

h—

the morphisms f’ and s are jointly strongly epimorphic. This happens exactly when, for
any further extension of the above diagram to

P Y
|
o

where go g = f' and go h = s, the morphism ¢ is a strong epimorphism. This latter
property can be stated as the property a ¢ S for an exactness sequent o F 3 as described
in (3) as follows. Firstly, let A; be the path category associated to the graph displayed
in (4) and equipped with the condition p - s = ly. By Lemma 3.2 in [25], we know that
A4 is a finite category. We let A; be the underlying sketch of A;. We then let B; O A be
the sketch represented by

f/

P——Y
,J pﬂs conditions from .4; together with:
P (P,p', f") represents the pullback of f along p.

Let also Ag be the path category associated to the graph displayed in (5) and equipped
with the conditions p-s=1w, f-p ' =p-f',¢-g= f and ¢- h = s. It follows again from
Lemma 3.2 in |25] that Ay is a finite category. We then let Ay = By O By be the underlying
sketch of As further equipped with the commutativity and convergence conditions from Bj.
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As prescribed by condition (Ax 4), we define A D By as the sketch represented by

Ty
Gy x
, mg / conditions from Bs together with:
/ ! q=mq-lq
P—Y h iy/ = 1y/
w pﬂ (Y’,iy+,1ys) represents the kernel pair of my,.
P S
\%4 4>f w

Again as prescribed by condition (Ax 4), the sketch B is obtained by adding to A the
condition ‘m, represents an isomorphism’. By construction,

a1

%] Aq

satisfies the conditions (Ax 0)-(Ax 5) described in (3). For (Ax 5), one can take Hy to be
the graph with a single object x and no arrow, Dy : Hy — A;j to be defined by Dy (x) =Y
and p! to be the empty path on Y. As mentioned above, a finitely complete category C
is protomodular if and only if o ¢ 8.

Given any object C in a finitely bicomplete category C, the Kan extension Lan D

of the constant diagram Ac: Hy — C, constructed in the general case in Section 2, is de-
scribed as follows. We first need to compute the left Kan extension L; = Lanp, Ac: A1 —
C of A¢ along Dy. Using the pointwise Kan extension formula, it is given by the A;-
structure

Bg AC
Y

2C

O'*>C
‘C

in C where 0 is the initial object, !¢ is the unique morphism 0 — C, 2C is the cosquare
of C' with coproduct injections ¢1 and 12 and V¢ is the codiagonal. We have obtained
Li(V) = 0 since A(Y,V) = @, Li(W) = C since A (Y, W) = {p} and L1 (Y) = 2C
since A1(Y,Y) = {1y, s o p} and since the three graphs (Dy | A) for A = V,W,Y are
discrete. The extension of L; as a Bj-structure L is given by computing the pullback of
lo along V.

0 X1 v 20 2= 2C

0————C
o

Since 3 = 14,, it remains to compute Lo(X) via the pointwise Kan extension formula.
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This gives rise to the following extension Lo = Lo of Ly

(0 X 20)+C

c,Veo

20 2,90

J vy
pIJ VC L2

0 — 0 C

where (0 x1, v, 2C) + C is the coproduct of 0 x,, v, 2C and C with coproduct injections
¢y and ¢, and where (}2) is the morphism induced by ps and ta. Theorem 3.1 (together
with Remark 3.2) tells us that a finitely complete category C with finite coproducts is
protomodular if and only if, for any object C' in C, (}?) is a strong epimorphism, i.e., po
and (o are jointly strongly epimorphic. This particular case of Theorem 3.1 is contained
in Theorem 6.4 of [9]. In addition, if C is a regular category with finite coproducts, we
know from Theorem 3.1 that C is protomodular if and only if, for any object C in C, the
pullback p} of (72) along e, = ¢1 is a regular epimorphism.

/

C th(pQ) ((0 X1e,Ve 20) + C) L (0 X1e,Ve 20) +C

1o i
p’ll l(’fﬁ)

C 2C

L1

If we further assume that C = V is a variety, we only need to consider the above
diagram in the case where C is the free algebra on one generator. We obtain the diagram

P+ Fr({y})

P

‘ _
p1
Fr(@) —— Fr({y})

where p and s are determined by p(z) =y = p(y) and s(y) = y. Theorem 4.1 says that V
is protomodular if and only if x is in the image of (P2 ). The pullback P is described as

P ={(c,d(z,y)) € Fr(@) x Fr({z,y}) | c = d(y,y) is an identity in the theory of V}
where ¢ represents a constant term and d(x,y) a binary term. The image of (¥?) in
Fr({z,y}) is given by
I (%) = {n(di(2.9). . dn(.9). ws(y). .-, (y)) | o > 0, 7 i A (n 4+ m)-ary term,

(ci,di(z,y)) € P for each 1 < i <n and w;(y) € Fr({y}) for each 1 <i < m}
={n'(di(z,y),...,dn(2,y),y) |n >0, 7' is an (n + 1)-ary term and
(ciydi(x,y)) € P for each 1 <i < n}.

Therefore, Theorem 4.1 gives in this particular case exactly the characterization of proto-
modular varieties established in |7].
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5.2 Involution-rigidness

The involution-rigidness property has been introduced in [32]. A generalized fized point of
an involution i: W — W in a category C is a morphism p: P — W such that iop=p. A
morphism f:Y — W in C is said to be rigid under the involution ¢: W — W when i o f
factors through any monomorphism m: V »— W through which f and any generalized fixed
point of 7 factor. A category has the involution-rigidness property when every morphism
f:+Y — W is rigid under any involution ¢: W — W. In the regular context, this is
equivalent to requiring that for any morphism f: Y — W and any involution i: W — W
considering the equalizer

E—sW—2W,

1w

and any factorizations f = go f' and e = go €’ of f and e through a common morphism
g: V — W and taking the pullback X of g along i o f,

X—"=V
"
q g
Y —W
iof
the morphism ¢ is a strong epimorphism. This property can be stated as the property
a F¢ B for an exactness sequent « F § as described in (3). Let A; be the underlying
sketch of the path category of the graph
i
;O

Y —W

equipped with the condition i -4 = 1y. We then let By O A; be the sketch represented by
i

;)

v W & conditions from A; together with:

(E, e) represents the equalizer of i and lyy.

Now let Ay be the path category of the graph

equipped with the conditions i -7 = 1y, f =¢- f' and e = g - ¢/. By Lemma 3.2 in [25],
Ao is a finite category. Let Ay D B; be the underlying sketch of Ag further equipped
with the commutativity and convergence conditions from By. Let By O As be the sketch
represented by
i
;O

W+———F
g

Y conditions from Ay together with:

qI \ / (X, q,r) represents the pullback of i o f along g.
f 4

X

—V
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Finally, we define A and B as prescribed by condition (Ax 4) for the arrow ¢: X — Y
of By. We thus have an exactness sequent

a2

(%) A b By Ay b ng.A

k//

67

satisfying conditions (Ax 0)—(Ax 5) and such that, for any regular category C, a ¢ S8
holds if and only if C has the involution-rigidness property. For (Ax 5), we consider Hy
to be the graph with a single object * and no arrow, Dy: Hy — A; to be defined by
Dy (¥) =Y and p) to be the empty path on Y.

Let C be a regular category with finite colimits. Given any object C' in C, the Kan

extension LanDB2 Ac of the constant diagram Ag: Hy — C, constructed in the general

Y
case in Section 2, is described as follows. We first need to compute the left Kan extension
L, = Lanp, Ac: A1 = C of A¢ along Dy. Using the pointwise Kan extension formula,
it is given by the following A;-structure.

(i%)
)

C 220

To describe its extension Li as a Bj-structure, we only need to compute the equalizer
e: E— 2C of (2) and the identity on 2C.

(%)
)

C-243920+° F

We then need to compute its extension Lo as an As-structure via the pointwise Kan
extension formula. We obtain the As-structure represented by:

(%)
)

C—2 20+ E

()
! € li
b )

C+FE

Finally, the Ba-structure Lo = Laanz, A¢ is obtained by computing the pullback P of
(%2) along (i}) o =u.

(i)

)

C—2 90« F

PT>C+E

Theorem 3.1 says that a regular category C with binary coproducts has the involution-
rigidness property if and ounly if, for any object C in C, the morphism py: P — C as
constructed above is a regular epimorphism.
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If we further assume that C = V is a variety, we only need to consider the above
diagram in the case where C' = Fr({z}) is the free algebra on one generator. We then get
2C = Fr({z1,z2}) and

E ={a(z1,22) € Fr({z1,22}) | a(z2,x1) = a(x1,z2)}.
The image of py in Fr({z}) can be described as

Im(p2) = {u(z) € Fr({z})|3In,m > 0,7 an (n + m)-ary term, u;(z), ..., u,(x) € Fr({z})

and aj(x1,x2),...,am(x1,22) € E such that
a(52), -t 02), 0 (1, 22), - (1, 22) = ()}
= {u(x) € Fr({x}) |3m > 0,7 a (1 +m) ary term
and a1 (z1,x2),...,am(z1,22) € E
such that 7' (xo, a1(z1,22), ..., am(r1,12)) = u(z1)}.

Theorem 4.1 tells us that V has the involution-rigidness property if and only if = € Im(p2),
which is the characterization obtained in [32].

5.3 The Mal’tsev property

Mal’tsev categories have been introduced in [12] as finitely complete categories in which
every binary relation is difunctional. In a regular context, this is equivalent to the condition

that for each diagram
R

PR

Y1 |Yy2| Y3 B

\(ZQ bl/
N /b
Y

where r1 oy = ay, reoyr = b1, r1oys = a1, rgoy2 = bg, r10y3 = ag and ra o y3 = by,
considering the product of A and B and the following pullback,

X—"2 R

_
q (7‘1,7‘2)

Y—AXxB
(az2,b1)
the morphism ¢: X — Y is a strong epimorphism. This formulation of the Mal’tsev
property on a regular category C can be expressed as the condition « ¢ S for an exactness
sequent « F (3 as described in (3) with n = 1. Theorem 3.1 then tells us that a regular
category C with finite copowers is a Mal’tsev category if and only if, for any object C' € C,
the projection ps in the pullback

P4>3C
|G

C— 20)2
(t2501)
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is a strong epimorphism. This characterization has been established in [8]. Theorem 4.1
says in this particular case that a variety V is a Mal’tsev category if and only if there
exists a ternary term p(z,y, z) satisfying the identities p(z,x,y) = y and p(z,y,y) = = as
established in [34].

In the regular context, the Mal'tsev property is thus a property of the form o ¢
for an exactness sequent « -  as described in (3) such that, moreover, n = 1 and the
procedures (b), (f) and (g) have not been used in condition (Ax 3). This kind of exactness
properties in the regular context is the subject of [24] where it is proved that these are
exactly the finite conjunctions of matrix conditions as introduced in [29] (in the theory
Th[Set] of sets). See Subsection 6.3 for more details.

Let us now study another exactness sequent describing the Mal’tsev property. It has
been shown in [5] that a finitely complete category C is a Mal’tsev category if and only if

for each diagram
gl}

A=

where f os = 1¢c = got, considering the pullback (Y, p1,p2) of f along g, the morphisms
[:A— Y and r: B — Y determined by pj ol = 14, ppol =to f, ppor = sog and
p2 o1 = lp are jointly strongly epimorphic, i.e., for any extension of the diagram as

X
k
N\
b2

Y

h
p1
A

—»

—
s

! gl |t
/

O} S——

—
—

with goh =1 and q o k = r, the morphism ¢: X — Y is a strong epimorphism. It is not
hard to construct an exactness sequent

as in (3) which describes this property, i.e., such that «a ¢ 8 holds for a finitely complete
category C if and only if C is a Mal’tsev category. Theorem 3.1 applied to this partic-
ular exactness sequent gives that a finitely complete category C with binary copowers
is a Mal’tsev category if and only if, for any object C' € C, considering the kernel pair

11 Lo
Eq[V¢] of Ve = (%g) : 2C — C, the morphism w = (ﬁg ﬁ) : 4C — Eq[V¢] is a strong

L2 L2
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epimorphism.

Ve
2C'% ? C
L2

Moreover, if C = V is a variety, we only need to consider this diagram when C' = Fr({z})
is the free algebra on one generator. In this case, Eq[VFr({w})] can be described as

EQ[VFr({J}})} = {(a(x1,22), b(z1,22)) € Fr({'rbe})Q la(z,z) = b(z, )}

and the morphism w: Fr({y1,%2,y3,v4}) — Eq[Vi({2})] is determined by w(y1) = (w1, z2),
w(y2) = (z2,22), w(ys) = (w2, 1) and w(ys) = (z2,22). Theorem 4.1 says in this case
that V is a Mal'tsev category if and only if ep((z1)(z) = (71,71) € Eq[Viy(fzyp)] is in
the image of w, that is if and only if there exists a quaternary term t(y1,y2,ys3,y4) such
that t(z1,z2,z2,22) = x1 and t(xg,x9,21,22) = x1 are theorems of the theory of V.
This is of course equivalent to the well-known characterization of Mal’tsev varieties; to
see this, given such a quaternary term ¢(yi1,y2,y3, y4), one can construct a Mal'tsev term
as p(x,y,z) = t(x,y, z,y) and given a Mal’tsev term p(z,y, z), one can construct such a

quaternary term as t(y1, y2, y3, ya) = p(y1, y2, ¥3)-

6 The pointed context

One can also consider the pointed version of the class of exactness sequents described
in (3). We consider here exactness sequents a F [ that can be decomposed as sequences
of subsketch inclusions as in

B (6)

satisfying conditions (Ax 0 *), (Ax 1), (Ax 2), (Ax 3), (Ax 4) and (Ax 5) where (Ax 1)—
(Ax 5) are as in (3) and (Ax 0 *) is now:

(Ax 0 *) m > 1 is a natural number, « = wo B, 0a,0---0 31 0aj 0By and By is the sketch
with a single object Z, no arrows, no commutativity conditions and

(Z,2) =limit(@, D)) and (Z,9) = colimit(@, D))
as convergence conditions where Dy is the unique diagram @ — By.

In other words, the convergence conditions in By just say that Z represents a terminal
and initial object, i.e., a zero object. Therefore, all the sketches A;, B1, ..., A, and B,
contain the object Z with the conditions saying it represents a zero object.

If C is a pointed category with finite limits, the condition o F¢ [ means as before:
“for any Bj,-structure F}, in C, the morphism F},(q) is a strong epimorphism’. Moreover, if
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C is a finitely bicomplete pointed category, the functors (51)c,-..,(8n)c are equivalences
of categories. The condition o ¢ B can then be reformulated in this case as: ‘for any
Aj-structure I in C, considering its extension I} as a Bj-structure, for any extension of it
as an As-structure Fy, considering its extension Fsasa Bo-structure, . .., for any extension
of F,_1 as an Aj,-structure F},, considering its extension F,, as a B,-structure, then F}(q)
is a strong epimorphism’.

Let C be a finitely bicomplete pointed category and let us consider the diagram
Dy : Hy — A;j given by condition (Ax 5). Viewing Hy as a sketch with no conditions, the
functor (Dy)c has a left adjoint Lanp, : HyC — A;C. Given any diagram E: Hy — C,
the left Kan extension Lanp, E: A; — C of E along Dy

Hy -2 A4

KEP‘“DY )

C

can be computed via the pointwise pointed left Kan extension formula (see e.g. [13]): For
an object A € Ay, let (D | A)* be the graph obtained from the graph (D | A) by adding an
object 1 and arrows !y f): (H, f) — 1 for any (H, f) € (D | A) such that f: D(H) — A
factors through Z € By. We denote by ¢ 4: (D | A)* — C the diagram defined on objects
by Ya(H, f) = E(H) and ¥4(1) = 0, the zero object of C, and on arrows by ¥4(h) =
E(h) and ¥a(!(s,p)) is the unique morphism E(H) — 0. The object (Lanp, E)(4) is
the colimit of this diagram 14 and we denote by S(AH,f)‘ E(H) — (Lanp, E)(A) and

sf: 0 — (Lanp, E)(A) the colimit legs. Given an arrow a: A — A’ in Aj, the morphism
(Lanp, F)(a) is the unique morphism such that (Lanp, E)(a) o S?H,f) = sé}’aof) for any
(H,f) € (D | A). The E-component A\ of the unit is determined by A5 = S%IQ)(H))
for any object H € H. Using now the left-adjoint-right-inverses of (a2)c,- .., (an)c given
by Lemma 2.1 and the pseudo-inverse-strict-right-inverses of (51)c, ..., (Bn)c, we obtain a
left adjoint
LanDsn : HyC — BnC
Y

of (Dgn)(c. For a diagram E: Hy — C, the left Kan extension Lan 5, E is obtained as in

DEn
the non-pointed case by first constructing the left Kan extension \¥: E — L; o Dy and
then successively extend it to L1, Lo, ..., Ly, L,. We then set Laann E = L, with the
universal morphism

AP.E — LoDy = (Lan,s, E) o Db

D€7L
Asin the non-pointed case, for each object C'in C, there is a unique morphism e¢: C' —
(Lan 5, Ac)(Y) such that

DEn
(Lan s, Ac)(py) o ec = A5C
for each H € Hy. We consider the pullback

Ap(C) % (Lan s, Ac)(X)

Bn
DY

’YCJ{ J(LanDé’L Ac)(q)
C (

-
€—C> Laann Ac) (Y)



6. The pointed context 23

and define the endofunctor Ap: C — C and the natural transformation v: Ap — 1¢ as in
the non-pointed case.

The pointed versions of Theorems 3.1 and 4.1 become the following ones, whose proofs
are omitted since they are completely analogous to the non-pointed case. Remark 3.2 on
the existence of colimits needed is still valid for Theorem 6.1.

Theorem 6.1. Let C be a finitely bicomplete pointed category and o = [ an exactness
sequent as described in (6). We consider the following statements:

1. atc B;

2. for any diagram E: Hy — C, the morphism (Lan
in C;

pBn E)(q) is a strong epimorphism

3. for any object C' in C, the morphism (Lan s, Ac)(q) is a strong epimorphism in C;
Y

4. for any object C in C, the morphism vo: Ap(C) — C is a strong epimorphism in C.

We always have the implications 1 & 2 < 8 < 4. Moreover, if C is regular, we also have
the remaining implication 8 = 4.

Theorem 6.2. Let V be a pointed variety of universal algebras. Let also o = (3 be an
exactness sequent as described in (6). Then, the following statements are equivalent:

1. aty B;

2. for any diagram E: Hy — V, the morphism (Lan E)(q) is surjective;

Bp,
DY

3. for any V-algebra A, the morphism (Lan s, Aq)(q) is surjective;

DEn
4. for any V-algebra A, the morphism v4: Ap(A) — A is surjective;
5. the morphism (Laann Ap(143))(q) is surjective;

6. the morphism Ypy((xy): Ap(Fr({x})) — Fr({x}) is surjective;

7. the element epy({4})(%) is in the image of (Laann Ap(1a)(@);

8. the element x is in the image of Yry({x): Ap(Fr({x})) = Fr({x}).

6.1 Unitality

A finitely complete pointed category C is wunital [5] if for any two objects A and B, the
induced morphisms (14,0): A — Ax B and (0,1p): B — A x B to the product A x B of
A and B are jointly strongly epimorphic. This property can be stated in the form a ¢ 3
for an exactness sequent o F 3 as described in (6). In the display of particular sketches
below, we use the same abbreviations as in Section 5. Let By be the sketch described in
condition (Ax 0 *) and let A; be the discrete category on three objects A, B and Z. Let
A1 D By be the underlying sketch of A; further equipped with the convergence conditions
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requiring Z to represent a zero object. Let By O A;j be the sketch displayed as

Y
conditions from A; together with:
(Y,pa,pp) represents the product of A and B
04,B=0zpB-04z

pa bB
l T
W 0 =0z4-0

A B BA=0z4-0B2z
054 pa-l=14
04z o, pB-l =048
02,4 02,8 pa-r=0pa
pg-T=1pg.

VA

Let As be the path category of the graph

X
q
f g
Y
pa PB
l T
04,B
A B
0B,a
042 opy
0z,4 0z B
A

equipped with the conditions q- f =1, q-g=7r,042-0z4 = 1z, 0pz-0z5 = 1z and the last
six commutativity conditions written in the above definition of B;. We set By = A3 D By to
be the underlying sketch of Ag together with the commutativity and convergence conditions
from B;. Finally we define A and B as prescribed by condition (Ax 4) for the arrow
q: X — Y in By. We have constructed an exactness sequent

o Bo By o B1 g B

A B, Ay B, A B

«

satisfying conditions (Ax 0 *), (Ax 1)-(Ax 5) and such that, for any finitely complete
pointed category C, a k¢ B holds if and only if C is unital. The graph Hy of condi-
tion (Ax 5) can be chosen to be the graph with two objects x4 and *p and no arrows, and
we set Dy (x4) = A, Dy (xp) = B, pfA =pa and pr = DB.

Given a finitely bicomplete pointed category C and an object C' € C, the Kan extension

Lan 5, A¢ is constructed as follows. Using the pointwise pointed Kan extension formula,
Y

we know that (Lanp, A¢)(A) = C = (Lanp, Ac¢)(B) and (Lanp, Ac)(Z) = 0. The
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extension Lang,.p, Ac of Lanp, Ac as a Bi-structure is described by:

CxC

(107 (0,10)

s
=
(e}
=2
(e}
/
N

Q
Q

7
BN

)

Finally, we can compute that Lan,,og,0p, Ac = LanD52 Ac is described by:
Y
c+C

|
(¢ 12

CxC

(107 ) )

Q
=
K]
S =
o %H
= Q
—
Q
3
[ V)
™)
Q

7
X

@)

Applying Theorem 6.1 (together with Remark 3.2) to this situation gives us the well-known

fact that a finitely complete pointed category C with binary copowers is unital if and only

1 0

if, for any object C' € C, the morphism ( § > : C+C — Cx(Cis astrong epimorphism.

i¥% .
Moreover, it also gives that a regular pointed category C with binary copowers is unital if
and only if, for any object C' € C, the projection y¢ in the pullback

0)—¢ cycC

_
. [(15 o)

ec=(1c,1c)

A

o
—~

Q
Q
X

Q

is a regular epimorphism; a result which already appears in [30]. Theorem 6.2 tells us that
a pointed variety V is unital if and only if the element (x, z) is in the image of the morphism
h: Fr({x1,22}) — Fr({z})? determined by h(x1) = (z,0) and h(x3) = (0,x) where 0 is
the unique constant in the theory of V. This happens if and only if there exists a binary
term u(x1, x2) in the theory of V satisfying the identities u(z,0) = x and u(0,2) = . This
characterization goes back at least to [3].
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6.2 Strong unitality

Strongly unital categories have been introduced in [5]. In [3], they have been characterized
as finitely complete pointed categories such that, for any diagram
s t
A} ; P XS - \, B
where fos =14, got=1p and f ot = 0, the induced morphism (f,g): X - A x B is
a strong epimorphism. We can express this property in the form o ¢ S for an exactness

sequent « - 5 as described in (6). Let By be as in condition (Ax 0 *) and let G; be the
graph

Z A%X%B

to which we add, for any pair of object (V, W), an arrow Oy, : V' — W. Let A; be the path
category of G1 equipped with the conditions f-s=14,9-t=1p, f-t =084, 0272z =17
and all conditions of the form Oy, w - h = Oy, w or of the form h - O, = Ow,1, for an
arrow h: Vi — V5 and objects Vi, Vo, W in Gi. Notice that A; is a finite pointed category
with zero object Z (although we do not need in general that Z is a zero object of A1). Let
A1 2 By be the underlying sketch of A; further equipped with the convergence conditions
from By. Let By O A; be the sketch displayed below (using the same abbreviations as in
Section 5 and also omitting the zero morphisms from Aj).

conditions from 4; together with:
V F% (Y,pa,pp) represents the product of A and B
s ¢ pa-q=f
Z A== X =SB ppg=y

Let A and B be the sketches given by condition (Ax 4) for the arrow ¢: X — Y in By. We
have constructed an exactness sequent

gﬁo By

satisfying conditions (Ax 0 *), (Ax 1)-(Ax 5) and such that, for any finitely complete
pointed category C, a ¢ 8 holds if and only if C is strongly unital. As before, the graph
Hy is chosen to be the graph with two objects x4 and *p and no arrows, and we set
Dy (xa) = A, Dy(xp) = B, pl, = pa and p}, = pp.

For an object C' in a finitely bicomplete pointed category C, the left Kan extension
Lanp, Ac can be computed via the pointwise pointed left Kan extension formula, and can
be extended to the Kan extension Lan DB A¢ displayed below

C x2C
P1 P2
/ % \
L3
Cr——3C G2) 20
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where h = <1OC i;) Theorem 6.1 tells us in this case that a finitely complete pointed
category C Wit(l]l /%ilnite copowers is strongly unital if and only if, for any object C' € C, the
morphism (10C Z;) :3C — C x 2C' is a strong epimorphism. Moreover, it also says that
a regular poinqceLdll category C with finite copowers is strongly unital if and only if, for each
object C € C, the projection y¢ in the pullback

Ap(C) —° 3¢

J ’
1oty
e 0 ¢
0

C

— = (C x2C
ec=(1lc.1)
is a regular epimorphism; a result which already appears in [30]. Theorem 6.2 applied
here says that a pointed variety V is strongly unital if and only if the element (z,x1) is in
the image of the morphism h: Fr({y1,y2,y3}) = Fr({z}) x Fr({z1,z2}) as defined above,
i.e., if and only if there exists a ternary term p(yi,y2,ys3) in the theory of V satisfying the
identities p(z,0,0) = x and p(xa, x2, 1) = 1 (where 0 is the unique constant in the theory
of V). This characterization goes back at least to [3].

6.3 Additional examples

Matrix conditions have been introduced in [28] and generalized in [29]|. To each extended
matrix (M, X) of terms in the theory Th[Set.] of pointed sets (in the sense of [29]) is
associated the exactness property on a regular pointed category to have (M, X')-closed re-
lations. The exactness properties of being a unital category or a strongly unital category
are examples of such properties, but also the property of being a subtractive category [27].
For each such extended matrix (M, X’), one can construct an exactness sequent o - 3 as
described in (6) with n = 1 such that a regular pointed category C has (M, X)-closed
relations if and only if a F¢ S holds. Theorem 6.1 gives in this particular case the approx-
imate co-operation characterization of these properties, initiated in [8] and generalized in
[30, 19, 22]. Theorem 6.2 gives the characterization of pointed varieties satisfying those
properties proved in |28, 29]. The non-pointed version of this also holds for extended ma-
trices (M, X') of terms in the theory Th[Set| of sets as mentioned in Subsection 5.3 and
explained in [24]. This includes the following exactness properties in the regular context:
being a Mal’tsev category [11], being an n-permutable category [10] and being a majority
category [17].

The property on a pointed regular category C to be a normal category |31] (i.e., every
regular epimorphism is a normal epimorphism) can be expressed in the form « k¢ S for
an exactness sequent o F (3 as described in (6). To see this, one can reformulate the
property as follows: given any morphism f, considering its kernel pair (R,ry,72) and its
kernel (K, k), then any morphism g such that g o k = 0 satisfies gory = g org, or in other
words, the equalizer of g o r; and g o ry is a strong epimorphism. Theorem 6.1 applied to
this particular case says that a regular finitely cocomplete pointed category C is normal if
and only if the codiagonal Vo : 2C' — C is a normal epimorphism for all objects C in C.
Theorem 6.2 tells us that a pointed variety is normal (also called a wvariety with ideals
according to [14]) if and only if the variables z; and x9 are coequalized by the cokernel of
the kernel of the codiagonal Fr({z1,z2}) — Fr({z}). Making explicit the equality in this
cokernel, one gets the characterization of varieties with ideals from [14].
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The property on a finitely complete pointed category to have normal projections [26]
and the property on a regular pointed category with coequalizers to have products com-
muting with coequalizers can be treated similarly to normality. For the latter, one should
use the second part of point 3 in Proposition 2.9 in [18]. In both cases, Theorem 6.2 gives
us the free algebras one should consider to extract the algebraic conditions characterizing
these properties for pointed varieties, appearing in [26] and [18] respectively. The remain-
ing task to get these characterizations is to express the equality of some elements in a
certain coequalizer.

7 Further remarks

Remark 7.1. It has recently been shown (see [19, 20, 21, 22, 23, 24]) that the study of
exactness properties is strongly related with the study of essentially algebraic categories [1]
(i.e., locally presentable categories [15]). In a similar way as in [24], Theorem 4.1 can be
generalized to any essentially algebraic category. We treated only the varietal case in the
body of the paper for the sake of simplicity. Using the notation from [24], we now fix an
essentially algebraic theory I' = (S, X, F, ¥, Def). We recall that the category of models
Mod(I") has a (strong epi, mono)-factorization system (but strong epimorphisms are in
general not sort-wise surjective). For each sort s € S, we denote by {xs} the S-sorted set
with a single element %4 in the sort s and nothing in the other sorts. The homomorphism
eFr({xs}) ¢ Fr({*s}) — (Laann Apr(fx,1))(Y) from the free I-model on {xs} induces an
element (epy({4,}))s(*s) in (Laann Apr({x,1))(Y)s. We can then generalize Theorem 4.1 as
follows.

Theorem 7.2. Let ' = (S, X, E, ¥, Def) be an essentially algebraic theory. Let also ot [
be an exactness sequent as described in (3). The following statements are equivalent:

1. aFyear) Bs
2. for any diagram E: Hy — Mod(I'), the morphism (Lan

morphism;

E)(q) is a strong epi-

Bn
DY

3. for any T'-model A, the morphism (Lan 5, A4)(q) is a strong epimorphism;

Dn
4. for each sort s € S, the morphism (Lan 5, Apy((,}))(q) is a strong epimorphism;

Y
5. for each sort s € S, the element (epy({x,}))s(*s) is in the image of(Laann Apr(1x1)(Q)-

Proof. The equivalences 1 < 2 < 3 follow immediately from Theorem 3.1. The implications
3 = 4 = 5 being trivial, it remains to prove 5 = 1. So let F,, be any B,-structure in
Mod(T") and let us show that F},(q) is a strong epimorphism. Given any sort s € S and any
element y € F,(Y)s, we must show that y is in the image of F},(q). We consider the unique
homomorphism of I-models f: Fr({xs}) — F,(Y) such that fs(xs) = 3. Considering the

morphism of Bj-structures v: LanD}zin AE(Y) — F, as in the proof of Theorem 3.1, we
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know that the following diagram commutes.

(Laann Ap)x

(Lan psn Apr(fx, 1) (X) (Lan s, Az y))(X) = Fr(X)
(Lan 5, Arr({xs}))(a) (Lan 5, Lﬁ(y))(‘]) Fn(q)
Y Y
vy =
(Ram i Ben(ec)) (V) 5, (Lanpgn A (V) Fa(Y)
Y
CFr({*s}) anmI
- e
Fr({xs}) Fo(Y)

f

Since y = fs(xs) = (vy o (Lanps, Af)y 0 em(fx,}))s(xs) and since (epy(fx,}))s(*s) is in the
Y —
image of (Lan )5, Apy({4,}))(q), we know that y is in the image of F},(q)ovxo(Lan s, Ay)x
% S Y
and thus in the image of F,(q). O

For the pointed version of this theorem, we recall (see e.g. [19]) that an essentially
algebraic theory I' = (5, X, E, ¥, Def) gives rise to a pointed category Mod(I") if and only
if, there exists in I', for each sort s € S, a unique everywhere-defined constant term 0°
of sort s, and every constant term is everywhere-defined (and thus equal to a 0°). The
pointed version of Theorem 7.2, proved in an analogous way, is the following theorem which
generalizes Theorem 6.2.

Theorem 7.3. Let T' = (S, %, E, ¥, Def) be an essentially algebraic theory whose category
of models Mod(I") is pointed. Let also a = [ be an exactness sequent as described in (6).
The following statements are equivalent:

1. aFyear) Bs

2. for any diagram E: Hy — Mod(I"), the morphism (Lan s, E)(q) is a strong epi-

DEn
morphism;

3. for any T'-model A, the morphism (Lan s, Aa)(q) is a strong epimorphism;
Y
4. for each sort s € S, the morphism (Lan 5, Apy(fx,}))(q) is a strong epimorphism;
Y
5. for each sort s € S, the element (epy({4,}))s(*s) is in the image of(LanD}zjn Afe(fx1)(9)-

Remark 7.4. Notice that in an exactness sequent o - 3

as described in (3), the subsketch inclusion « is in general not unconditional of finite kind.
One can construct from ¢ € B,, a constructible subsketch inclusion 3': B,, — B’ such that
the property

“for any Aj-structure F in C, considering its extension I as a Bi-structure, for
any extension of it as an As-structure Fy, considering its extension Fh as a Bo-
structure, ..., for any extension of F,,_1 as an A,-structure F},, its extension
F,, as a B,-structure extends to a B'-structure’



References 30

represented by the sequence

& aq Al B1 Q2 On An Bn B B

B

holds for a regular finitely cocomplete category C if and only if o F¢ S holds. This new
exactness property could be seen as an ‘n-th order exactness property’ (although this notion
has not yet been formalized) for which the odd inclusions aq,...,a, are unconditional
of finite kind and the even inclusions f1,..., 8,—1,8" o B, are constructible. We build
B': B, — B from q via the following two steps:

1. include an object R (not already in B,,) and arrows r1,73: R = X, together with
the convergence condition ‘(R,r1,r2) represents the kernel pair of ¢’

2. then include the convergence condition ‘(Y ¢) represents the coequalizer of 71 and r5’.

The stated equivalence between the two mentioned exactness properties follows immedi-
ately from the fact that in a regular category, strong epimorphisms coincide with regular
epimorphisms.

Conjecture 7.5. Theorem 4.1 gives, for an exactness sequent « - 3 as in (3), a charac-
terization of the condition a by 8 on a variety V. As explained in Section 5 for particular
examples, it seems that the statement 8 of that theorem can always be reformulated as
a Mal’tsev condition. However, we have not been able to formally prove this fact in gen-
eral but we conjecture it is always the case. By a Mal’tsev condition, we mean here a
disjunction of (non-necessarily nested) strong Mal'tsev conditions (where ‘strong Mal’tsev
condition’ is understood in its classical sense, see e.g. [33]).

Conjecture 7.6. We also conjecture that for any exactness sequent o - 8 as described
in (3), there exists another such exactness sequent o’ = ' for which the procedures (b),
(f) and (g) from condition (Ax 3) are not used and for which o/ ¢ 4’ holds for a finitely
bicomplete category C if and only if a F¢ 8 holds.
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